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Preface

These course notes constitute my lesson plan for a topics class on Bayesian
Workflow. The course was primarily designed for graduate students in statis-
tics at the masters and PhD level, although I was fortunate to also have stu-
dents from other disciplines, including mathematics, computer science, and
ecology. The course was 1/2 semester long (6 weeks) with two meetings per
week, each 1.5 hours long. The course websites (https://charlesm93.github.
io/stat547/) provides the reading and homework assignments.

Overview. Bayesian inference refers to the use of conditional probability
to learn about unknown parameters given data and a probabilistic model.
Bayesian workflow is the tangled process through which we iteratively build,
fit, and criticize many models for the purpose of model development and data
analysis. It is in the context of this comprehensive workflow that we can best
understand how useful various statistical methods are to the data analyst. In
this course, we will study the methods and algorithms that enable scientists
to deploy Bayesian workflow within a probabilistic software, such as Stan.
In addition to developing a foundation in Bayesian workflow, we will discuss
shortcomings in existing methods and identify open research questions. The
course will be grounded in examples from scientific applications.
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1 Why Bayesian Workflow?

1.1 Review of Bayesian modeling and Bayesian inference

What is a Bayesian model ?
— A joint distribution over model parameters # and observations v,

p(0,y) = p(0) ply|0). (1)
~ ——
prior likelihood

The prior encodes knowledge (broadly defined) about the parameters before
observing the data and the likelihood tells us how to simulate data given a
fixed 6.

Bayesian inference reverse-engineers the data generating process: given ob-
servations y, what are plausible values of #? In a Bayesian setting, all infer-
ential conclusions follow from the posterior, obtained via Bayes’ rule,

_p@)ply|0)  pld,y)
p(0|y) = o) [pll.y)dd 2)

More generally, for any quantity of interest f(¢), want to learn p(f(¢) | y) and
we can also consider quantities which stochastically depend on 6.

Key benefits of Bayesian inference:
(i) The prior encodes expert knowledge and serves as a regularization tool.
(ii) The posterior provides principled ways to quantify uncertainty.
Question: Which properties of the posterior do we care about?
Examples of applications of Bayesian modeling:

e Epidemiology: “Estimation of SARS-CoV-2 mortality during the early
stages of an epidemic: a modeling study in Hubei, China and six regions
in Europe” [Hauser et al., [2020]

e Pharmacokinetics: “Bayesian aggregation of average data: An applica-
tion in drug development” [Weber et al., 2018§]

e Cosmology: “Listening to the noise: Blind Denoising with Gibbs Diffu-
sion” [Heurtel-Depeiges et al., |2024]

e Deep Learning: “Auto-Encoding Variational Bayes” [Kingma and Welling,
2014]
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Figure 1: Model development as an iterative process. Fitting the model is only
one step in the broader workflow we use to analyze data. Figure borrowed from
Grinsztajn et al. |2021|.

Fit model

A

1.2 Going beyond: Bayesian workflow
Key questions:
(i) How do we build a model p(0,y)?

(ii) Given a model, how do we approximate p(f | y)?

(i) is modeling (scientific + statistical) and (ii) is inference.

Worlkflow is the iterative process of building, fitting and criticizing models.
Typically an analysis involves a model development phase, understanding the
limitations of that model, building an improved model, comparing it to other
models... It's a tangled process!

Box’s loop suggests an iterative process (Figure [I).

Example (SEIR model). The model we used in Hauser et al.|[2020] is the 15"
“model iteration”. Grinsztajn et al. [2021] discuss earlier models, why they
failed and how to improve them. For example:

e Predictions are far-off — add a reporting rate parameter.

Skewed predictions — add incubation period.

ODE solver is too slow — adjust parameterization of ODE (then model
runs in 2 hours instead of 3 days!)
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What tools do we need to support workflow?

(i) An expressive probabilistic programming language that let’'s us do model
composition.

(ii) Black box inference algorithms that can readily fit bespoke models with-
out requiring extensive tuning effort from users.

(iii) Reliable checks to criticize the inference and the trained model.

1.3 Probabilistic programming languages
Examples: Stan, Pigeons.jl, PyMC, Turing, PyTorch, TensorFlow Probability
Highlighted languages have developers here at UBC!

In this course, we’ll focus on Stan, although the concepts we learn apply more
broadly.

The two primary components of Stan are:
(i) A flexible language to specify a model, i.e. p(6,y).

(ii) Several black box gradient-based inference algorithms which return ap-
proximate samples from p(f | y), e.g. Markov chain Monte Carlo, varia-
tional inference.

One thing that makes Stan easy to use is that, in general, the user only
needs to specify their model. The gradients are calculated automatically via
automatic differentiation and Stan provides several “off-the-shelf” inference
algorithms. When Stan came out, its two main innovations were an extensive
automatic differentiation library for probabilistic modeling and a self-tuning
Hamiltonian Monte Carlo algorithm.

While Stan provides its own language for specifying a model, it needs to be
interfaced with a scripting language (Figure [2).

1.4 Example: Influenza Outbreak

We're going to analyze data from a 1978 influenza outbreak at a British board-
ing school (Figure [3). Our goal is to understand the dynamics of the disease
and, for example, predict the number of future cases, calculate the recovery
time, and calculate Ry.

1.4.1 Scientific model

First we introduce a scientific model of the disease: the Susceptible-Infected-
Recovered (SIR) model (Figure [4). This model treats the population as con-

7
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Figure 2: Code workflow when using Stan. The Bayesian model is specified in
a Stan file. Manipulating the data, calling Stan’s inference, and analyzing the
output of Stan’s inference are all done in a scripting language. In this course,
we’ll use R with the package cmdStanR. Under the hood, the Stan file is trans-
lated into a C++ file, which is then compiled and executed when doing inference.

3001 .

n

o

o
f

Number of students in bed
=
o

JamI 23 JanI 30
date

Figure 3: 1978 Influenza outbreak in a British boarding school
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_ BST ~I
Susceptible Infected

Figure 4: Susceptible-Infected-Recovered model

tinuous. Each “element” of the population is either susceptible, infected (and
infectious) or recovered.

Let N be the total population and S(¢), I(t), and R(¢) the amount of susceptible,
infected and recovered elements at time ¢. Then the dynamic of the disease
are modeled using a system of ordinary differential equations (ODEs):

s = 52010 ®)
ey = p20M o @)
R(t) = ~I(t), (5)

with:
e 3. the transmission rate,
e ~: the recovery rate.

In addition, we have an initial condition S(ty) = N — 1, I(ty) = 1, R(ty) = 0
where ¢, is the time at the beginning of the infection. We also have some
derived quantities of interest:

e T =1/v: the recovery time
e Ry = (/v: how many individual does one person infect.

This scientific model does not tell us how the data is generated. Indeed, none
of the quantities in it are observed—and they will need to be infered.

1.4.2 Observational model

Our observations are the number of students in bed y(¢)) at time ¢, which is
an indirect probe of the number of infected individuals.

Option 1. Poisson likelihood with rate A\(¢) = I(¢). Then Ey(t) = I(t) and
Vary(t) = I(t).

Option 2. Negative binomial with mean p(t) = I(¢t) and overdispersion pa-
rameter ¢. Here Ey(t) = I(t) and Vary(t) = I(t) + I*(t)/é.

Question: what other observational models might we consider?

9
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1.4.3 Prior model

Under option 1, we only have two model parameters: g € RT and v € Rt. We
usually have some knowledge of what values these model parameters might
take, based on an understanding of the underlying scientific phenomenon
and/or other observations on the same disease or similar diseases. This
knowledge can be detailed or it might be something like an order of mag-
nitude (for example, we don’'t expect patients will take 100 years to recover
from the disease).

Translating this understanding into a prior model is an active area of research.
Let’s look at some example:

e p(B) =normal™(2,1) = B >0and P(3 < 4) = 0.975.

e p(y) = normal®(0.4,0.5) = v > 0 and P(y < 1) = 0.9 (equivalently
P(T > 1) =0.9).

Can reason about the prior by seeing what they imply on other quantities of
interest such as the recovery time 7.

1.4.4 Writing and fitting the joint model in Stan

We now have all the ingredients to write a model in Stan: that is, we’'ve spec-
ified a joint distribution over observations and model parameters, which de-
fines a Bayesian model.

Before we start coding, let's pause briefly and ask some fundamental ques-
tions:

e Can we trust this model?

When building our model, we made several choices which can be rea-
sonably contested. For example, it is not correct to treat the number of
infected individuals /(¢) as a continuous variable. As George Box said,
“all models are wrong but some of them are useful.” It falls upon us to
identify the ways in which the model is useful and the ways in which the
model is wrong. This is at the heart of workflow.

e Can we trust the prior?

Building priors is often challenging and something practitioners struggle
with. People often criticize Bayesian modeling on the basis that we can
influence our inference by tweaking the prior. This is true; but it is just
as true that we can influence our result by tweaking the likelihood.

10
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It's good to be skeptical of the prior, in the sense that it’s good to be skep-
tical of the model. On the other hand, being skeptical of the prior with-
out questioning the likelihood is a double-standard. We'll study ways to
check how wrong and how useful different components of the model are.
But first, we need to talk about fitting the model.

Coding demo: Write the SIR model with Poisson likelihood.

Remark: Stan does not distinguish between prior and likelihood.

With ecmdStanR, we can now:

(i) translate the model from Stan to C++ and compile it using cmdstan_model ().

(i) Run Stan’s default inference engine with $sample().

The output of Stan is approximate samples from the posterior, which are sum-

marized in table.

variable mean median
gamma 0.476 0.476

beta 1.69 1.69
RO 3.55 3.55
T 2.10 2.10

sd
0.0110
0.0149
0.0786
0.0484

mad
0.0108
0.0146
0.0766
0.0474

q5
0.459
1.67
3.42
2.02

q95
0.495
1.71
3.68
2.18

rhat ess bulk

1.00
1.00
1.00
1.00

2362
2794
2962
2362

Let’s focus on the first row for the parameter . The first six columns are sta-
tistical summaries of the marginal posterior p(v | y). The next tow columns tell
us about the quality of the inference and whether it can be trusted. Our goal
in the next section will be to understand how these diagnostics are computed

and how to interpret them.

11
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2 Markov chain Monte Carlo

Markov chain Monte Carlo (MCMC) is a broad class of algorithms used in
many fields, including Bayesian Statistics, Statistical Physics, Molecular Dy-
namics and more. It is often called the workhorse of Bayesian Inference and
it is the default inference engine in Stan and other statistical software.

In this section, we review MCMC with the goal of understanding the algo-
rithm’s control parameters and how to check that it produces sufficiently
accurate answers.

For excellent references which go into more details, I recommend:

e “General state space Markov chains and MCMC algorithms” [Roberts and
Rosenthal, |2004]. Reading this paper requires familiarity with measure
theory—but don’t let that intimidate you!

e “Probabilistic Inference Using Markov Chain Monte Carlo Methods” [Neal,
1993].

2.1 Monte Carlo

Monte Carlo methods estimate properties of a target distribution = using sam-
ples.

Example (estimate of the mean of a function f(z)):

= & SOF(EM), AW @ (©6)

Question: how good is this estimator?

Let’'s examine the expected squared error:

E [(fx —Ef7] = (Bfy—Ef) +YVarfy. @
~——~——" variance

squared bias
If we draw exact samples from =(z), then fy is unbiased,
Efy = Ef, (8)
and if the samples are independent, then the variance is
p 1
Varfy = —Varf. 9)
N
In addition, we have:

12
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(i) a strong law of large numbers,

P(J\}eréofN:Ef>:1. (10)
(ii) a central limit theorem,
VN(fx —Ef) 4
Narf — normal(0, 1). (11)

Challenge: For many problems, we cannot draw exact samples from 7. Instead
we use MCMC to draw approximate samples from =. But MCMC produces
samples which are neither independent nor identically distributed.

2.2 Asymptotic MCMC

It what follows, I'll consider distributions over Z C R¢ and I'll assume that
these distributions admit a density in order to simplify a little bit the notation.

MCMC starts from an initial point 2z, and then applies a transition kernel from
Z(i) to Z(i—i—l),

T (20, 20H0) = p (204D | 0) (12)
We denote P, the distribution of the n™ element of the Markov chain, ob-
tained by sequentially applying »n times the transition kernel starting from z.

We denote p, the corresponding density. Similarly, we denote P, the target
distribution and 7 the corresponding density.

In general, we want to show that for any (measurable) set A and for a suffi-
ciently large n,
P,(z€ A)= P.(z € A). (13)

Question: How should we define “~”?

We can start by checking convergence in distribution, that is

lim P, (2 € A) = P,(z € A). (14)

n—oo

This can be shown for a broad class of transition kernels. The proof usually
involves checking a property called detailed balance or reversibility.

Definition 1. (reversibility) We say I is reversible with respect to « if

7(2)0(z,2') = n(ZT(7, 2). (15)

13
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Proposition 2. If I' is reversible with respect to =, then 7 is a stationary
distribution of the Markov chain generated by I'.

Proof. We need to show that the distribution of a new state 2’ given a previous
state z ~ 7 is also 7, that is

/F(z, r(z)dz = w(2). (16)

Applying the assumption of reversibility,

/ (2, 2)r(2)dz = / T(2, 2)r()dz = 7(2) / 02, 2)dz = (),  (17)

where in the last step, we recalled that I'(2’, z) = p(z | 2’) is a probability density
and must therefore integrate to 1.

]

Interpretation: Once the Markov chain “reaches” 7, it stays there.

Remark: Reversibility is a sufficient condition for 7 to be a stationary distri-
bution but not a necessary one. What is an example of an MCMC algorithm
which is not reversible but has the right stationary distribution?

Example (Metropolis-Hastings).

Given z, generate a proposal z* from a proposal distribution ¢(z* | 2).
Then accept this proposal with a probability,

stz |5)). a8

oler2") = min |1,

That is, for v ~ uniform(0, 1),

S { ¥, ifu < afz, z) (19)

z, otherwise.

Exercise: Show that the stationary distribution of a Markov chain using
the Metropolis-Hastings transition has stationary distribution =. (Hint:
show that it is reversible with respect to .)

Once we establish that our Markov chain has the right stationary distribution,
we need to make sure that it asymptotically gets there. For this, we need
to verify two conditions: (i) ¢-irreducibility and (ii) aperiodicity. The exact
definitions of these terms requires measure theory, which is a bit beyond this
course. Instead, we’ll provide some intuition:

14
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e ¢-irreducibility: From any 2, the Markov chain will eventually “explore”
the entire space and reach any measurable set.

e Aperiodicity: The chain will not oscillate in a regular pattern between
different states.

Example (Periodic Markov chain with the right stationary distribu-
tion). Consider a state space Z = {1,2,3} and let 7 be uniform over
Z. Consider a Markov chain with

I(1,2) =T(2,3) =T(3,1) = 1. (20)

Then r is stationary. (Why?)
Intuitively, the chain is irreducible.
However, if z = 1, then p (:™) #  for any n.

Equipped with these notions, we now have sufficient conditions to build a
Markov chain which asymptotically reaches 7. Specifically, we have two re-
sults: (i) convergence in distribution, which is a statement about the distri-
bution of (™ as n — oo; and (ii) a law of large numbers, which is statement
about the Monte Carlo estimator fy itself. For completeness, I'm providing
the formal measure-theoretical statement of this result.

Theorem 3. [f a Markov chain on a state space with countably generated
o-algebra is ¢-irreducible, aperiodic, and has stationary distribution =, then
Jor m-almost-everywhere » € Z and for any measurable set A,

lim P (2™ € A) = P(z € A). (21)

n—oo

Furthermore, for f : Z — R with E(|f|) < oo, we have a strong law of large
numbers,

P(N@mszEf) — 1. (22)

Question: How might you verify the conditions of Theorem (3|for the Metropolis-
Hastings algorithm? What conditions on the proposal distribution ¢ do we
need?

2.3 Pre-asymptotic MCMC

Theorem (3|is a remarkable result: under fairly weak conditions, we can con-
struct a Markov chain that has the right stationary distribution and will
asymptotically get there. But this does not tell us how our Markov chain
behaves over a finite number of iterations. To answer this question, we need
to study two properties of the Markov chain:

15
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(i) how quickly does P, approach P,? This, as we will see, is a statement
about the bias of fy.

(ii) If the Markov chain is stationary, how quickly does the variance of f’N
decrease?

2.3.1 How quickly does P, approach P, ?

To tackle the question of convergence speed, it is common to bound a dis-
tance between P, and P, by a function of N, the number of iterations. There
are many ways to compare distributions and none of them seem to be perfect.
Which way to use remains, in my view, a somewhat open question (we’ll revisit
this topic when talking about variational inference). In the MCMC literature,
it is common to bound the total variation distance.

Definition 4. The total variation distance between two probability distribu-
tions P, and P,, is:

||PI/1_PV2||:SupA’PVl(ZEA>_PV2(Z€A)|’ (23)

In words, if we consider all possible measurable sets A and pick the one that
“maximizes” (supremizes?) the difference between P,, and P,,, how big is this
difference?

The total variation distance can be written in a way that more clearly relates
to our goal of constructing Monte Carlo estimators.

Proposition 5. The total variation distance between two probability mea-
sures P, and P,,, respectively with density v, and v, is, for a < b,

(24)

/f(z)yl(z)dz—/f(z)yg(z)dz |

1
||Pl/1 - Pl/2|| = h— asupf:2—>[a,b]

Proof. Left as an exercise. 0
In words, if we consider all bounded functions f, the total variation distance

provides an upper-bound on how much the expectation value of f with respect
to v, and 1, can disagree. Applying this to the setting of MCMC, we obtain,

1 A
— |[Efy —Ef| < |IP. - Pl 25)

This is a bound on the bias of our Monte Carlo estimator but only for bounded functions.

16
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Another useful property of the total variation distance is that it provides
bounds on the bias of quantile estimates. For what follows, let’'s take Z to
be R since quantiles are defined for univariate quantities. Recall that the o'}
quantile of measure vy, a,,(«), is implicitly defined as

P, (z <ay,(a) =a. (206)

Proposition 6. Suppose ||v; — 1»|| = ¢ and assume that the cumulative
distribution functions (CDFs) of v, and v, are strictly increasing. Then,

ay, (a0 —¢) < ay,(a) < ay,(a+e). (27)

Proof. Recall the CDF, F,, : Z — [0,1], is,
F, (a)=P,(z <a). (28)

Since we assume that F), is strictly increasing, we have that F,, is invertible
and so for a = F,, (a), we have that a = F!(a).

Vi

Denote A = (—o0,a]. Then, from the bound provided by the total variation
distance,
’PVl(A)_PV2<A)| <€, (29)

or using a different notation,
|FV1(a’)_FV2(a)| <e. (30)

By assumption, F,, is strictly increasing and therefore invertible. Pick a =
ay, (@) = F,*(a). Then, plugging this in,

|F,, o F . (a) — F,0 FM(a)] <c¢ (31)
— |E,, o F, Y a) — o <e (32)

Then,
a—e<F,oF,a)<a+e (33)

Applying F, ! on each side (and noting that F, ' must also be strictly increas-
ing),
Fl(a—e < Fl(a) < Fl'a+e), (34)

which is the wanted result.

O
Now that we have some motivation for bounding the total variation distance,
we can try to understand how quickly this distance decreases. We'll start with

an elementary property that states that applying a transition kernel must de-
crease the total variation distance.

17
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Proposition 7. If P, is a stationary distribution for a Markov chain kernel,
then for anyn € N,
||Pn+1—P7r||§||Pn_P7r||' (35)

Proof. For any event A,

|Piii(z € A) — Pr(z € A)| = ‘/Pl(z € A|pn(z)ds — /Pl(z € Al )m(2")ds|,

(36)
where we used the fact that, by assumption, applying a transition kernel to
2! ~ 7 still generates a sample z ~ 7.

Let f(2') = Pi(z € A | 2) and notice f is a bounded function, specifically
f:Z —[0,1]. Then eq. can be rewritten as,

Pupa(z € A) - oz € 4)| = ' / F()pa()d / F()n()d| < || — Py, (37)

where the inequality follows from Proposition [5| with ¢« = 0 and b = 1. Taking
the supremum with respect to A on both sides of eq. (37), we obtain the
wanted inequality. ]

With a more detailed analysis, we can derive a bound on the total variation
distance of the form,
[P = Pr|| < b(20)h(N), (38)

where by convention 2(0) = 1 and b(z) is the initial bias |f(z) — Ef|. Under
stronger assumptions, it is possible to characterize h(N). One regime of par-
ticular interest arises when / is a geometric function, h(N) = AV for A € (0,1).
This regime is called geometric ergodicity. In this regime:

(i) the bias of f (z(”)) decreases exponentially and so does the bias of fN if
we discard early samples.

Exercise: how quickly does the bias of fy decrease if we don’t discard
early samples?

(ii) we have a central limit theorem for fN, which is the topic of the next
section.

Proposition 8. When the state space Z is finite, then any irreducible and
aperiodic Markov chain with stationary distribution =« is geometrically er-
godic.

18
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Not all Markov chains on discrete spaces are irreducible and aperiodic and
furthermore, not all irreducible and aperiodic Markov chains on continuous
state spaces are geometrically ergodic. Ensuring geometric ergodicity over
continuous spaces requires additional technical requirements.

In general, it is difficult to calculate » and even then, bounds on the total
variation distance tend to be conservative, since they need to account for
worst case scenarios, rather than focusing on the particular functions we
might be interested in. This will motivate us to look at empirical measures of
convergence which, while imperfect, can be deployed in practice.

2.3.2 Variance of MCMC at stationarity

A question of interest is how quickly does the variance of fy decrease if we
start from the stationary distribution? This idealized case approximates the
behavior of Markov chains which have been warmed up for a sufficiently long
time and which are nearly stationary. In this ideal setting, the Monte Carlo
estimator is unbiased but we still need to handle its variance.

Here, a quantity of interest is the effective sample size (ESS), defined as fol-

lows,

N
ESS = — , (39)
1+2 thl p(t)

where p(t) is the autocorrelation between two samples separated by ¢ steps.
Notice that if p(t) = 0 for all ¢, ESS = N.

The ESS plays a key role in the MCMC central limit theorem.

Theorem 9. Consider the Monte Carlo estimator fN obtained from a geo-
metrically ergodic MCMC algorithm. Then

VESS(fy —Ef)
Var(f)

%5 normal(0, 1). (40)

This central limit theorem is almost identical to the one we have for indepen-
dent samples (eq. (LI)), except that the rate of convergence is vESS rather
than v/N. Moreover, for a large enough sample, we have

A approx. Varf
~ I1{E . 41

This suggests another interpretation of the ESS for stationary Markov chains,

Var p Varf
ESS ~ — <= Varfy ~ —=, (42)
Var f N~ £Ss
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and one can once again check that for i.i.d samples, ESS = N. Eq. drives
home the point that for stationary Markov chains and for large N, the ESS
monitors the variance of fy, scaled by the posterior variance.

Based on eq. (42), the ESS can further be interpreted as the number of in-
dependent samples we would require to achieve the same expected squared
error as our Monte Carlo estimator.

2.4 Practical diagnostics for MCMC

Remember that our goal is to control the expected squared error of the Monte
Carlo estimator fy. For this we resort to a warmup phase and discard early
samples to reduce the bias. We then run a sampling phase to control the
variance. By default, Stan runs 1000 warmup iterations and 1000 sampling
iterations [

The bias and variance hint at two sources of error:
e The bias is due to the nonstationary initialization.

e The variance is due to the randomness in the MCMC (and is increased
by the fact that the samples tend to be autocorrelated).

A general strategy to check the influence of these two sources of error on fy
is to run multiple chains with distinct initializations and seeds, and make
sure that they still produce results which are in “good agreement” with one
another.

They are multiple ways to measure agreement. First, we can perform visual
checks using trace plots and density plots (Figures 5] and [6).

Another way to check for agreement is to compute the sample variance of the
Monte Carlo estimator generated by individual chains. Moving forward, we
denote with a superscript the chain identity of each Monte Carlo estimator:

for example, f](vm) is the Monte Carlo estimator generated by the m'™ chain,
and,
N
r() _ F(m
N =77 mzl I (43)

is the Monte Carlo estimator obtained by averaging across all chains. The
sample variance of the per chain Monte Carlo estimator is then

1
M—-1

(77 - 79) (44

NE

B:=

m=1

!We will see that the warmup phase in Stan is not only used to reduce the bias of fn but
also to tune the MCMC algorithm so that it performs better during the sampling phase.
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Figure 5: Trace plots for MCMC. Value for each parameter across iterations.
The shaded area corresponds to the warmup phase (first 1000 iterations). Here,
we want to check that all the Markov chains have converged to the same “area”
despite their distinct initialization and seed. For this model, it only takes a_few
iterations for all the chains to converge in distribution. The “fuzzy caterpillar”
shape indicates that there is little autocorrelation between successive samples.
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Figure 6: Density plots for MCMC. Marginal density estimation using samples

Jrom the sampling phase. Here too we can check that the marginal densities
returned by diff erent chains are in good agreement.
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and we can check that B ~ 0 as a measure of how well the Markov chains
agree with one another.

You might find this approach at best somewhat convincing. The sample vari-
ance lets us measure the variance but can it actually tell us something about
the bias??] Intuitively, we expect that Markov chains which have not converged
to m will generate Monte Carlo estimators with higher variance (why?).

We can formalize this intuition. Suppose we draw the Markov chain’s ini-
tial point zo ) from an initial distribution Py. Then, applying the law of total
variance,

Varf{" = VarE ( Fom zém)) + EVar < Fm) | zém)) : (45)

TV TV
nonstationary persistent

The variance term decomposes into a nonstationary and a persistent variance:

e The nonstationary variance measures how much the expectation value
of f ](\f ) varies with the initial point z* and vanishes as the Markov chain
“forgets” its starting point. Hence, it is an indirect measure of the squared
bias and how close to convergence the Markov chain is. Formalizing
this connection is a open research problem!

e The persistent variance eventually dominates the total variance and for
stationary Markov chains measures the asymptotic variance

For many problems, we care about the squared error of fy relative to the
posterior variance and so B is scaled by a measure of the posterior variance.
For each Markov chain, we compute a sample variance, and then average
across all chains,

| XM N ) )
L N (O

mzl n=1

Then we examine the ratio B / W and check that it is close enough to O (mean-
ing the variance of the perchain Monte Carlo estimator is small relative to the
estimated posterior variance).

For historical reasons, the quantity we typically measure is,

=)

—_—+ =, 47)
w

2This was a question I started working on during the final year of my PhD!

30ne can also show that the stationary variance is inflated before the Markov chain con-
vergences due to a “drift” phenomenon: that is, as long as the Markov chain is not stationary,
we're likely averaging samples with a different mean and this increases the variance.
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a quantity known as either the R statistic, the potential scale reduction factor
or the Gelman-Rubin statistic, and whose 1n1t1a1 motivation is a bit dlfferent

than what I'm presenting here. Nonetheless, Ris a 1-to-1 map with B / w.
A recent recommendation is to check that R < 1.01 [Vehtari et al., |2021]. This

recommendation is battle-tested and seems to work well, however finding a

principled threshold for 1 is an open research question.

In addition to R, we also estimate the ESS as in eq. (39), based on esti-

mates of the autocorrelation p; [Geyer, [1992]. Now, from eq. (42), we have

that for a stationary Markov chain,

Varf W
Varfy B’

ESS ~ (48)

However, the above estimate tends to be less stable than the one obtained
using autocorrelation functions, and so it is useful to compute the ESS, once

we establish that the Markov chains have approximately converged to the
stationary distribution with R.

Let’s return now to the table of output from fitting the SIR model.

variable mean median sd mad g5 q95 rhat ess bulk
gamma 0.476 0.476 0.0110 0.0108 0.459 0.495 1.00 2362
beta 1.69 1.69 0.0149 0.0146 1.67 1.71 1.00 2794
RO 3.55 3.55 0.0786 0.0766 3.42 3.68 1.00 2062
T 2.10 2.10 0.0484 0.0474 2.02 2.18 1.00 2362

For all quantities of interest, we achieve R < 1.01 which suggests good conver-
gence and we have ESS> 2000 (labeled ess_bulk).

A somewhat open research question is to determine what is a useful ESS
and more generally an acceptable expected squared error. While this of course

depends on the problem at hand, in my experience, field practitioners do not

themselves quite know how precise they need their Monte Carlo estimators to
be. But this is crucial to determine how long the Markov chains need to be!!
See Margossian and Gelman [2024] for further discussion.

For an example where the Markov chains do not converge and disagree, and
where R > 1, see Chapter 29 of Bayesian Workflow.

Open discussion: Are Stan’s default control parameters (4 Markov chains
with a warmup phase of 1000 iterations and a sampling phase of 1000 itera-
tions) optimal for doing Bayesian inference on the SIR model?
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3 Prediction and model comparison

Even if we trust the inference, we need to check whether the fitted model
“works.”

Question: what does it mean for a fitted model to work?
e Accurate predictions
e Accurate recommendations, decisions, ...
e Accurate inference on an unknown quantity of interest.

Remark: In ML, it is common to check a trained model without checking the
inference. Is this a good practice?

Most applications of a model imply we are making decent predictions. So let’s
at least check that! Let y;.5 be our data and # our model parameters. For sim-
plicity, let’'s assume that, conditional on ¢, the observations are independent,
that is

N
p(yin | 0) = [ [ (a1 0). (49)
n=1
Let’'s suppose we want to make a prediction on a new observation, yy.,. There
are several ways to make this prediction:

e Point prediction. For a fixed 0, compute an estimator of §y.1 = E({Jn1 |
0).

e Distribution prediction. Instead of doing a point prediction, we may
consider a distribution of predictions, using the likelihood, p(yn1 | 0).

e Posterior distribution of predictions. In a Bayesian setting, we want
to examine the posterior distribution of the predictions,

p(yN+1 | yl:N) = /p(yN+179 | y1:N)d9
= /p(?/N+1 | 9,?/1:1\{)29(9 | y1:N)d9
- / P(yer | 6)p(6 | )6, (50)

where we used conditional independence to get the last line.

A natural way to study this posterior distribution is by drawing samples from
p(yn+1 | y1.v). This is easy to do once we have (approximate) samples from
p(0 | y1.v). In particular, we can use a two step process:

@ 69 ~ p(6 | yi.n)

24



Lecture notes STAT 547

(i) Vo1 ~ plynss | 09).

In Stan, we already know how to do (i). It remains to do (ii). This can be done
in post-process or using the generated quantities block.

3.1 Posterior predictive check

(Sometimes aptly called posterior retrodictive checks.

As a first step, we're going to replicate the training data. That is, we're going
to sample 7.5 and see how closely the model’s simulation match the obser-
vations we used to train the model.

Coding demo. Posterior predictions for the SIR model with a Poisson likeli-
hood.

Informally, we want to check that the simulated data captures all the mean-
ingful characteristics in the data. One way to do this is to plot the observa-
tions along with the simulations. In our disease transmission example, we
plot the posterior median and 90 % posterior interval of p(7;.x | 6).

Some questions to ask:
e Does the posterior median capture the central tendency of the observa-
tions?

e Is the uncertainty well-calibrated? For example, do 90 % of the observa-
tions fall within the 90 % posterior interval? Is the model too confident?
Not confident enough?

e Are there some problematic outliers that suggest our model is missing
some important mechanisms in the data generating process?

To illustrate how insightful these simple visual checks can be, we're going to
fit another model to the same influenza data set. Namely an SIR model with
a negative Binomial likelihood.

How do the two posterior predictive checks compare? Does a model better
capture the characteristics of the data?

3.2 Out-of-sample predictions

Reconstructing the observations used to train the model provides an impor-
tant sanity check but it only tells us so much about a model’s ability to make
predictions.

Yhttps://betanalpha.github.io/assets/case_studies/principled_bayesian_workflow.
html
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A common practice is to split the data into a training and a validation set and
see how well the model predicts data it has not “seen”.

Question: How should we split the data into a training and a validation set?

3.3 Prediction score

Visual checks are not always convenient, let alone feasible. Usually we also
report a quantitative measure of how good the prediction is.

Example 1. (Continuous observation) Suppose we have a normal likeli-
hood, with estimated mean /i, and standard deviation 4, indexed by n. Our
best prediction is

Yn = fln- (51)

Then, we might report the squared prediction error,
Err = (Y, — fin)”. (52)

This is a valid measure for the quality of our prediction but it doesn’t tell us
anything about 4, or how confident our model is in its prediction.

Instead, we can use the point-estimate log predictive density,

p-lpd = logp(yn | fin,62) (53)

= k—logon — o5 (Yn — /in)" (54)
O.TL

Example 2. (Binary observation) Suppose we have a Bernoulli likelihood
with estimated parameter 7,. Our best prediction is

Un = (7, > 0.5). (55)

The the prediction error is
Err = I(§, = yn). (56)

Again, this doesn’t really tell us whether the model is too confident or not.
Here, the point-estimate log predictive density is

p-lpd = logp(yn | 7n) (57)

This is the cross-entropy loss function (derived from a probabilistic perspec-
tive)!

26



Lecture notes STAT 547

In a Bayesian setting, we consider the point-estimate log predictive density av-
eraged over the posterior distribution. This leads to the expected log predictive
density,

elpd = log p(yn11 | y1.n) = 1Og/p(yN+1 | O)p(0 | y1.v)dO. (59)

Question: Equipped with this notion, how should we compare our two disease
transmission models?

We need to agree on which test set to use. A common choice is to do cross-
validation, where we average over multiple test-sets. In leave-one-out cross-
validation, we only exclude one observation and train the model over all the
other observations. Then we compute the elpd at each observation and take
the average,

N
1
e, =~ > 108 p(Un | ¥-n). (60)
n=1

But this requires training the model N times, which is expensive...

Idea: We're going to find a fast approximation of p(6 | y_,), based on p(d | y1.n).

3.4 Importance sampling estimator

Importance sampling (IS) provides a general framework to do Monte Carlo
estimation when we have samples from a proposal distribution ¢(z), rather
than our target distribution p(z).

The main relation we use is,

[ e | f(Z)%q(Z)dZ- 61)

We denote w(z) = p(z)/q(z) the importance weights. With draws from ¢, we can
in principle construct an unbiased Monte Carlo estimator of E, f,

. 1<E
frg = 5 ; f (Z(s)) w (Z(s)) _ (62)

The main challenge with importance sampling is that the importance weight
may have an infinite variance, if they are regions where ¢(z) is small and p(z)
is large.

When computing the elpd at v, , p(f | y1.y) is our proposal distribution and
p(0 | y—n) our target distribution. Then, applying Bayes’ rule and using the
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conditional independence of the likelihood,

PO y—n)

p(O | y1.x)
p(0)p(y—n | 0)
p(0) | p(yr.n | 0)
Hj;énp(yj | 6)
1%l 1)

1

= p—(yn o) =:1,(0). (63)

To be explicit, we denote ¢ the missing constant, so that w(#) = c¢r,,(¢). Then,
we have the following importance sampling estimator of log p(y, | y-x),

w(#)

elpd, = (4o | 69). (64)

HMU)

We need to find a way to deal with the unknown constant ¢. To do so, we
consider the Monte Carlo estimator,

S

1 (6

o er(09) §: pO]y-n) Glle)dH—/p(H\yn)dﬁzl.
s=1

p(¢ | Y1:N)
(65)
This suggests a consistent estimator, sometimes called the self-normalized IS
estimator,

130 era (09) p (ya | 69)
S % Zf:l Crn (‘9(5))
>0 7 (09) p (yn | 6)

Zf:l T (6))

- _5 (66)

> ot 53

where, bearing an abuse of notation, we denote e/lpﬁ the above estimator and
where in the final line we used the fact that , = 1/p(y, | ) to simplify
the nominator. Crucially, this estimator does not depend on ¢ and can be
computed, provided we can evaluate the likelihood p(y, | ).

elpd, =

3.5 Trunctated and Pareto-smooth IS estimator

Unfortunately, IS estimators as in eq. can suffer from a large and even un-
bounded variance. We'll briefly review some strategies to control the variance
of IS estimators.
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One approach is to bound the ratios via a truncation rule,
7, = min(r,, v'S7). (67)

It can be shown that, provided r, has a finite first moment (E(|r,|) < o0,

plugging 7, into eq. bounds the variance of é&in but introduces a bias
that can be large.

A better strategy is to use Pareto-smoothing. This topic is a bit of a rabbit
hole and here we’ll only cover it at a high level. The main idea is to fit the tail
distribution of r,,,

p(rp | T > u), (68)

for some threshold u. In practice, this distribution is often well approximated
by a generalized Pareto distribution,

(5}1{%(%))_“1 K #0, (69)

p(yma,k):{ b (14 klo

Q= =

We fit the distribution to the tails of the IS weights using estimators k, /i
and 6. A key characteristic of the Pareto distribution is that it has 1/k finite

moments. That is,
o) <oo L ifp<1/k
Ele ’{ =00 ,ifp>1/k. (70)

Hence, the k estimator can tell us whether the tail weights have a finite vari-
ance or not. Specifically, the variance is finite if k¥ < 0.5. Sometimes, we can
get away with £ > 0.5, because even if the tail weights have an unbounded

—_—
variance, the elpd,, can still have a finite Variance.

One heuristic is to check that k < 0.7 for all e/lpﬁn. If for a particular n, k > 0.7
we may need to refit the model with the n'" data point excluded or come up
with a different estimation strategy.

The Pareto smoothed Importance Sampling (PSIS) estimator can be computed
using the R package loo.

Coding demo: Use loo-cv to compare the SIR model with a Poisson likelihood
and a negative binomial likelihood.

For a more detailed discussion on the topic, see the excellent paper by Vehtari
et al. [2017].

SFor this, we can invoke generalizations of the central limit theorem, with subefficient
convergence rates.
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4 Hamiltonian Monte Carlo

We've discussed MCMC in a fairly general setting. In this section, we examine
a specific subclass of MCMC, called Hamiltonian Monte Carlo (HMC).

HMC has completely modernized MCMC in the 2010’s and it arguably remains
the most popular "off-the-shelf"' inference algorithm for Bayesian analysis—
although it certainly does not solve every problem, nor is it the only good
candidate you should consider.

Common HMC algorithms tend to yield good results for a broad range of high-
dimensional targets with a reasonable geometry, i.e. targets with finite cur-
vature and a single mode (or sometimes multiple modes that are not too dis-
connected). Certain classes of HMC can handle non-finite curvature and, in
general, algorithms designed for more intricate geometries can leverage HMC,
for example to do location exploration within a mode.

One motivation for using HMC is that it often scales better in dimension than
random-walk Metropolis algorithms, a fact that is often observed in practice.
There is also a formal argument for this. Consider a d-dimensional target
distribution. Then, under somewhat idealized conditions, the computational
cost of HMC scales as O(d*/*), rather than the O(d?) cost characteristic of
random-walk algorithms[f

Interestingly, HMC itself is fairly old: it was introduced in a 1987 paper on
quantum chromodynamics and its original name was hybrid Monte Carlo [Du-
ane et al., | 1987|]. Adoption of the technique in the applied statistics commu-
nity was slow because:

(i) the algorithm requires gradient calculations,
(ii) the algorithm is difficult to tune.

The method had some success in the 1990’s and 2000’s, thanks to Radford
Neal’s pioneering work on Bayesian neural networks. Around 2012, the cre-
ators of Stan popularized the method by creating a probabilistic language with
automated gradient calculation]’|and a self-tuning HMC algorithm, called the

6Consider a d-dimensional target distribution p and suppose this target factorizes, with
each factor equal, p(z) = Hf.l:l p(z;). (Naturally, this scenario is simpler than what we en-
counter in practice, although it can be generalized a bit.) Assume the Markov chain is already
stationary. Then in this setting, the computational cost of increasing the ESS by 1 with a
random-walk Metropolis algorithm is O(d?), but only O(d°/*) for HMC. For further discussion,
see Neall [2011] and references therein.

“The efficient calculation of gradients is done using automnatic differentiation, a broad
class of techniques to calculate derivatives of functions specified as computer programs.
The reverse-mode of automatic differentiation is known as backward propagation and un-
derlies much of machine learning. See e.g., Baydin et al.| [2018], Margossian| [2019] for an
introduction on the topic.
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No-U-Turn sampler (NUTS, Hoffman and Gelman| [2014]).

4.1 Ideal HMC

Suppose we want to construct an MCMC algorithm to sample from a target
density 7(z) defined over R?Y. We'll assume that « is differentiable.

A standard® HMC transition kernel proceeds as follows:
1. Start at the Markov chain’s current position z, = 2.

2. Draw an auxiliary “momentum” variable, from a normal with covariance

matrix M,
po ~ Normal(0, M). (71)
3. Simulate a trajectory over time 7" by solving Hamilton’s equations of mo-
tions:
d —1
&Zt = —Vp lOg W(pt) =M Pt (72)
d
&Pt V. log ﬂ—(zt)a (73)

with initial conditions at time ¢, = 0 given by (z, po).
4. Update the sate of the Markov chain, 20! = z,.
Showing why this algorithm is effective takes a little bit of work.

Intuition. Hamilton’s equations can be interpreted as describing the move-
ment of a particle over time, with the position of the particle given by z; and
its momentum by p,. The particle is subject to a potential, determined by
—log7(2), and this potential determines how the particle accelerates.

To simplify things, take M = I (the identity matrix). Then, the change in posi-

tion over time, 0z;/dt—or “velocity”—is given by the momentum p; (eq. (72)). It

turn, the change in momentum, dp;/dt—or “acceleration”—is given by V log 7(z)(eq. (73)).
That is, the particle accelerates when it moves in a direction with a positive

gradient and it decelerates when the gradient is negative.

Tuning. A critical question is how large 7" should be: that is, for how long do
we simulate a Hamiltonian trajectory before we resample the momentum and
start the next iteration of MCMC?

e If T'is too small, then at each iteration, the Markov chain doesn’t travel
far in the parameter space and the MCMC samples are strongly autocor-
related.

8The algorithm can be specified in a more general way but here we'll focus on the standard
implementation.

31



Lecture notes STAT 547

e But increasing 7" beyond a certain threshold does not generate less cor-
related samples (e.g. as the trajectory starts to backtrack) and leads to
a large computational cost per iteration.

Demo. Comparison between HMC, Gibbs and Metropolis-Hastings on a high-
dimensional and ill-conditioned Gaussian target.

We'll now show that HMC has the correct stationary distribution. To do so,
we first review key properties of Hamiltonian trajectories.

We denote H the Hamiltonian of the system, defined as the negative log joint
density over z and p, that is,

H(z, pr) = —logm(zt, pr) = —logm(z) — log w(py). (74)

With this notion, the equations of motion can be rewritten in their general
form,

. _ o

TR dp

d 0H

&Pt = —5- (75)

Next, we denote @4 : R?? — R??, the function that maps (2, po) to (2, pr).

Lemma 10. (Properties of the Hamiltonian trajectory) The Hamiltonian tra-
Jjectory o1 verifies the following properties.

e For any T, ®r preserves the Hamiltonian,

H<Zt7 pt) = H(Z()u pO) (76)

Equivalently, the joint distribution over (z, p) is preserved.

e (Louiville’s theorem) The Hamiltonian map ®; is volume preserving,
that is the determinant of the Jacobian & is 1.

e The Hamiltonian map ®; is time-reversible. That is, it admits an in-
verse ' which is obtained by negating the time derivative in eq. (72)-
(73). Furthermore, we can obtain the inverse map ®,' by negating p,
applying ®; and negating p again.

Here, I'll only provide a proof of the first item and the proof for the other
properties is omitted.

Proof. (Conservation of the Hamiltonian) Taking the derivative of the Hamil-
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tonian with respect to time,

d OH dz, OH dp;
qr e = Z 0 dt | Op; di
OHOH OHOH

_ _ = 77
Zl 0z Op; Op; 0z 0 77

i=

where on the second line, we plugged in (75).

We now show that HMC has the correct stationary distribution.

Theorem 11. The transition kernel for HMC admits 7(z) as its stationary
distribution.

There are multiple ways to prove this result. The first way is to directly show
that HMC has the desired stationary distributions. The second way is to
show reversibility (reversibility). While the second approach is less direct, it
lays the foundation for showing that non-idealized versions of HMC have the
right stationary distribution.

Here, we’ll go over both proofs.

Proof. (Direct approach)

We will show that the joint distribution 7(z, p) is stationary and from this it
will follow that the marginal distribution 7(z) is also stationary.

First, we start with (z, p) ~ 7. The first step of HMC is to refresh the momen-
tum, that is draw p* ~ 7. By construction 7(z,p) = w(z)n(p) and so z and p
are independent. Hence, it suffices that z and p* are marginally distributed
according to 7 to have (z, p*) be jointly distributed according to = and so the
first step of HMC leaves the distribution = invariant.

The next step is to simulate a Hamiltonian trajectory. For ease of notation,
we denote z = (2, p*). We need to show that for any measurable set A over R*?,
P(x € A) = P(®r(z) € A). Notice that {®r(z) € A} <= {z € &;'(A)} and so we
must show P(zr € A) = P(z € &' (A)).

Now,
Plze A) = / m(x)dx. (78)
A
Let y = ®,'(z). Doing a change of variable,
[ r@ar= [ wl@r)lo)d, (79)
A o.1(A)
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where |.J,(y)| is the determinant of the Jacobian of ®;.

By Lemma [10] the Hamiltonian is conserved and so 7(®r(y)) = n(y). Further-
more, |Js(y)| = 1.

Therefore,

| m@ = [ 0
o7 (A)

T o' (4)
But the integral on the right-hand-side is exactly P(z € ®;'), and so P(x €
A) = P(x € ®;'(A)), as desired.
Thus both steps of HMC preserve the distribution 7(z) and thence the marginal
distribution 7(z).

O
Next, we consider a proof that shows reversibility.

Proof. (using reversibility)

As in the previous proof, we have that the first step of HMC (momentum re-
freshment) leaves 7 invariant.

For the second step, we introduce a modification of the HMC transition kernel:
namely, after time 7" we flip the momentum, so that the final state of the
transition is

(Z/a p,) = (ZT> _pT) (8 1)

This does not actually induce any algorithmic change, since the momentum
is refreshed at the beginning of the next iteration and, ultimately, we're only
interested in the position variable z. However the momentum {lip ensures the
algorithm maintains reversibility.

To see this, denote (zy, py) the initial state of the trajectory. The Hamiltonian
map induces a conditional probability,

p(z,p | 20, p0) = 0(2 = 21, p = —pr), (82)

where 0 is the Dirac delta function (meaning all the probability mass concen-
trates at a single point). Conversely, it follows from the reversibility of the
Hamiltonian trajectory that,

p(zp |2, 0) =06(2 = 20,p=—po)- (83)

Therefore,
IP)('2,7 Pl ’ 20, pO) - IP)(ZO,PO | Zla P,) [84)
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In words, if (7/,p’) and (z,p) are each other’s “reciprocal” on a Hamiltonian
trajectory of length 7', meaning (2’ = zr,p' = —pr) and (z = 2o, p = po), then the
probability on either side is 1, else it is O.

Next, recall that the Hamiltonian is conserved and so H(zr,pr) = H(zo,po)-
Furthermore, H(z,p) = —logn(z,p) = —logm(z) — logm(p). Since = (p) is a sym-
metric distribution, 7(—p) = 7(p). Therefore H (%', p') = H(zr, pr) = H (20, po) and
moreover,

(2, p") = 7(z0, po)- (85)

Combining equations and (85), we have
7T<Z07 pO)P(2,7 Pl ’ 205 PO) = 7.(.(2/’ p/)]P)(va Po | 2,7 /0/)’ (86)
which is reversibility. Thus, the Hamiltonian map leaves 7 invariant, which

completes the proof.

]

4.2 Discretized HMC

In practice, we cannot solve Hamilton’s equations of motion exactly and so we
resort to a numerical integrator. The most elementary integrator for solving
differential equations is Euler’s method, which uses a tangent approximations.

Specifically, at each iteration of Euler’s method, we increment (z, p) by a step
¢ in the direction of the tangent (dz/d¢,dp/dt). If integrating from 0 to 7', we
repeat this process for L steps, such that Le = 7. That is, we compute a
discretized trajectory over {0,¢,2¢,--- , Le}.

(Euler’s method)

1: foriin {1,--- L} do

2 p(t +€) < pr + eViogm(z)
3: 2(t+€) < 2z +eM p,

4: end for

In practice, Euler’'s method works poorly and accumulates a large error as L
increases.

A simple but surprisingly effective modification leads to the leapfrog integra-
tor, which is what is used in practice to run HMC.

Question: How many gradient evaluations per step does the leapfrog integra-
tor require?

Tuning problem. The leapfrog integrator requires choosing a step size e. If
e is too large, then we do not simulate accurate Hamiltonian trajectories. On
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(Leapfrog integrator)
for iin {1,--- ,L} do
Prres2 < pr+ 5V 1og m(z)
Zire & 2+ €M pyyeso

Pire < Prres2 + 5V 10g (24 4e)
end for

the other hand, a small e means we require more steps (i.e. a larger L) in order
to perform integration over [0, 7.

One way to verify the accuracy of the leapfrog integrator is to check that the
Hamiltonian H(z,p;) is indeed conserved over time. But even for an ade-
quate ¢, the error remains non-zero, which invalidates our argument that the
Hamiltonian map verifies reversibility.

Metropolis adjustment. To ensure that the discretized HMC verifies re-
versibility, we can perform a Metropolis correction. Starting at a state (z, p),
we obtain a new state (z;, p;) by simulating the Hamiltonian for time 7. We
then generate a proposal,

(Z*v P*) = (Zt7 _Pt) (87)
Notice the sign change in p! We then accept the proposal with probability,

a =min (1, e #EPITHGE) (88)

Computing the exponentiated difference in the Hamiltonian is equivalent to
evaluating a ratio of the densities, 7 (z*, p*)/7(z, p), usually seen in the Metropo-
lis acceptance rule.

In practice, we can ignore the sign flip in p. Since p is distributed according
to a normal centered at O, p; and —p; have the same density. In other words,
flipping the momentum does not change the Hamiltonian. Furthermore, the
new state p* can be ignored because the first step of HMC is to refresh the
momentum. Still, the sign flip is a useful theoretical tool which lets us prove
reversibility.

Other strategies. There exist other strategies to correct the numerical error
introduce by the leapfrog integrator. For example:

e Multinomial sampling: draw a sample from the entire discrete trajec-
tory with the probability of drawing any sample weighted by exp(—H (z, p;))-
This can be effective if the integration error at (zr,pr) is large, even
though it is acceptable along other points on the trajectory.

e Unadjusted sampling: In some cases, the error introduced by the leapfrog
integrator is sufficiently small that the correction is ineffective and it is
better to accept aggressively. This leads to unadjusted samplers.

36



Lecture notes STAT 547

4.3 Adaptive Hamiltonian Monte Carlo

There are three tuning parameters in HMC: the step size ¢ of the leapfrog
integrator, the number L of leapfrog steps (with the trajectory length given by
T = Le), and the mass matrix M.

4.3.1 Adaptively setting the path length L

We start by assuming ¢ is fixed and to simplify the notation, we take M = I.

No-U Turn criterion. Conceptually, large steps in the state space reduce
the autocorrelation between samples in the Markov chain and, at stationarity,
leads to a larger ESS per iteration, at least when estimating the first moment.
Therefore, running a Hamiltonian trajectory for a longer time is useful in so far
as it increases the distance from the initial point. Once the trajectory starts
backtracking, the benefits of running a longer trajectory decreases and we
get less out of the computational work we do to simulate the Hamiltonian
trajectory.

This reasoning motivates the No-U Turn criterion, whereby we monitor whether
increasing the trajectory length 7" increases the distance from the initial point.
This idea is at the heart of the No-U Turn Sampler (NUTS) which underlies the
MCMC algorithm in Stan, PyMC and other probabilistic languages.

Fortunately, there is a straightforward way to monitor whether a longer trajec-
tory would increase the distance from the starting point. Let z, be the initial
position and 2z, the current position. Then,

d d
d_tHZO — zt||2 = d_t(zo — Zt)T(ZO —2z) = 2(2 — ZO)Tpt. (89)

A natural idea then would be to simulate a Hamiltonian trajectory until (z; —
20)Tps < 0, at which point we stop in order to not backtrack closer to our
starting point.

Reversibility. Unfortunately, the map that simulates a Hamiltonian trajec-
tory with a dynamic trajectory length is not time-reversible (Figure|7) and as a
result, we cannot guarantee that the resulting MCMC algorithm is reversible
and has the right stationary distribution.

A more sophisticated scheme can address this problem. To make the nota-
tion more compact, let x = (z,p). The key idea is to stochastically generate a
trajectory or orbit Z from a starting point z, such that

P(T [ zo) = P(Z | 1), (90)
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Figure 7: Example of a (discrete) Hamiltonian trajectory. If starting at point
20, the algorithm would simulate a trajectory forward in time all the way to z,,
where a U-Turn is detected. On the other hand, starting a trajectory from z,

(with _flipped momentum) may not lead back to z, since a U-turn may only occur
later, for example at z_s;.

for any z; € Z. In words, the probability of generating a particular orbit Z is
the same no matter which point in the orbit we start from.

Once this orbit is constructed, we set the new point 2z’ in our Markov chain to
a random point from the orbit, for example using a multinomial distribution,
7 ()

P2’ =z | 2, € T) o< exp(—H (21, pr)) o< (2, pr) = S () (91)
t'ez !

We can explicitly check that this scheme verifies reversibility,

r(@p(a | 2) = 7(@)PT | )P | T)
= 7T i —ﬂ-(x/>
= TP
g @)
= TP
— 7(@)P(Z|2)P( | T)

= 7(2")p(z | 2'). (92)

Of course, this begs the question of how do we construct an orbit which ver-
ifies eq. (90)? First, it should be clear that any valid orbit must expand the
Hamiltonian trajectory from a starting point z, both forward and backward in
time.

Additive expansion. A natural if naive way to construct an orbit is with an
additive expansion.
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At each iteration of the expansion, we expand the trajectory forward or back-
ward in time by one leapfrog step. The probability of choosing either direction
in time is 1/2. We then stop expanding the trajectory, when a termination
criterion based on the No-U-Turn condition is met.

Specifically, each time a new point z, is added, we check whether it induces
a U-Turn with any other existing point in the trajectory. Since we can evolve
forward and backward in time, the U-Turn condition is checked at both ex-
tremities of each subtrajectory,

(zy —2_)py <0 AND (z_ —2z.) p_ <. (93)

Unfortunately, the additive expansion can be quite expansive for high-dimensional
models, because

(i) each extension of the orbit requires us to check the U-Turn condition
against all points on the trajectory.

(ii) we need to store every state (z;, p;), which is memory intensive.

Efficient NUTS. Practical implementation of NUTS rely on a more sophisti-
cated expansion, which I'll only briefly review here. For more details, you may
consult Betancourt| [2017), Appendix A] and Hoffman and Gelman|[2014].

Here’s a summary of the strategy used in Stan:

e Starting from an initial point z,, we randomly pick a direction: backward
or forward in time. When then compute one leapfrog step in the chosen
direction.

e We repeat this process, but at each step, we double the length of the
simulated sub-trajectory. For example, the growing trajectory may look
as follows:

(1) forward=1, orbit: {xg, 1 }.
(2) forward=1, orbit: {xzg,z1, }
(3) forward=0, orbit: { , L0, T1, T2, T3},

where at each step the new sub-trajectory is colored in orange. This
construction admits a representation as a binary tree.

e At each step, we check for U-turns within the new sub-trajectory and
eliminate points which verify the termination criterion in eq. (93). We
then sample a candidate (z,p;) from the new sub-trajectory, assign a
probability weight (which accounts for H(z,, py) for all points in the sub-
trajectory), and only save that particular point.
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e Once we've constructed Z, we sample from the candidate sample retained
from each sub-trajectory using a multinomial distribution. The weight of
each sub-trajectory candidate can be chosen to match the distribution in
eq. (91). Alternatively, we can favor newer trajectories in order to increase
the distance from the starting point z,. This approach is termed Biased
Progressive Sampling.

4.3.2 Adaptively setting the step size ¢

The step size ¢ must be chosen to ensure that the leapfrog integrator is both
sufficiently accurate and efficient. Ultimately, this balance ideally results in a
Monte Carlo estimator that achieves a target accuracy as quickly as possible.

Step size in Metropolis algorithms. Inrandom-walk Metropolis, we need to
tune the size of the random step taken at each iteration and we must navigate
the following trade-off: A small step leads to a higher acceptance probability
but more correlated samples. Conversely, a large step leads to a lower ac-
ceptance probability but less correlated samples. Under certain conditions,
it can be shown that a step size with an average acceptance probability of
a = 0.234... achieves an optimal ESS/per iteration [Roberts et al., | 1997].

Likewise, adaptive HMC targets the acceptance probability a of the Metropolis
step in eq. (88). This acceptance probability is driven by fluctuations in the
Hamiltonian H(z;,p;). In the limit ¢ — 0, the leapfrog integrator simulates
exact Hamiltonian trajectories and o — 1.

Step size adaptation as stochastic optimization. The problem of adapting
e can be framed as a stochastic optimization problem. To see this, we first define
the expected acceptance,

N
he) = lim %ZE(% ), (94)
n=1

where a, is the acceptance probability at the n'* sampling iteration. Then our
goal is to drive,
he) — 6, (95)

for some target acceptance probability §. For example, Stan’s defaultis § = 0.8.
But the optimal ¢ can vary largely depending on the problem. The default is a
battle-tested heuristic but it may be necessary to adjust ¢ after a first attempt
at running MCMC. In practice, h(e) cannot be evaluated exactly, rather it is
approximated by Monte Carlo using «,’s computed as we run MCMC.

The above task is equivalent to a stochastic optimization problem where our
goal is to drive the gradient of an objective function—in this case h(¢) — é—to
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0 and where this gradient can only be evaluated stochastically. This means
stochastic optimization algorithms can be used to update e. A common choice
for HMC is dual averaging.

Strictly speaking, NUTS does not use an accept/reject Metropolis step. In-
stead, «,, is computed by averaging hypothetical acceptance probabilities over
the final sub-trajectory computed when constructing the orbit Z.

Freezing adaptation. One final and important caveat is that step size adap-
tation can alter the stationary distribution. Therefore, it is common practice
to only do adaptation during the warmup and freeze adaptation (meaning e
no longer changes) during the sampling phase.

Certain algorithms, such as delayed-rejection HMC, try to adaptively find an
optimal € at each MCMC iteration, including during the sampling phase. But
just as with adaptive trajectory lengths, such algorithms required careful con-
structions to ensure reversibility.

4.3.3 Adapting the mass matrix

The last tuning parameter to consider is the mass matrix M. In practice, we
focus on the inverse-mass matrix, M !, since this is the quantity that appears
in the leapfrog integrator. Specifically, the relevant step is,

Zive & 2z + eM_lpt+€/2. (96)

Let’s first consider a diagonal mass matrix. Then, from eq. (96), we can inter-
pret M~! as a rescaling of the step size ¢ along each dimension.

Such a rescaling can make sense when the distribution has wildly different
scales along each dimension. If we fix the mass matrix to /, then ¢ must
typically be small enough to accommodate the dimension with the smallest
scale and the integrator can be wildly inefficient along dimensions with a
larger scale, where a less granular discretization of the Hamiltonian trajectory
may be required.

With this conceptual motivation in mind, Stan uses the inverse sample vari-
ance based on samples collected during the warmup phase,

M= Al . (97)
" var(z)

(As with step size, the mass matrix adaptation is frozen after the warmup
phase.) That said, finding an optimal adaptation strategy for the mass matrix
remains an open question.
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Sometimes, the direction along which ¢ needs to be rescaled does not corre-
spond to a direction along one particular dimension. Think for instance of a
distribution with strongly correlated variables. In that case, we may use the
a non-diagonal mass matrix and set it to the sample covariance matrix.

But this choice can be costly for high-dimensional targets. Indeed, the matrix-
vector multiplication in eq. costs O(d?) for a dense matrix. By contrast,
with a diagonal mass matrix, the cost of this operation reduces to O(d).
Hence, the benefits of using a dense mass matrix must justify the more ex-
pensive leapfrog step. Sometimes, a compromised can be struck by using a
mass matrix structured as a diagonal matrix + a low-rank matrix.

For some targets, the correct mass matrix depends on where in the target
space we are simulating a Hamiltonian trajectory. (The most notorious ex-
ample of this may well be Neal’s funnel, which arises in hierarchical models.)
In this case, the mass matrix can be set locally. One choice is to use the
curvature of the target distribution,

C(z) = —V?log(z). (98)

For justification for this choice, see e.g., |Girolami and Calderhead [2011]. Un-
fortunately, this approach tends to be costly, notably through the requirement
to compute and store higher-order derivatives of log 7 (z).

Notice that if the target is Gaussian, then C(z) = X!, which resonates with
the heuristic of using the covariance matrix to set the mass matrix.
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5 Bayesian Modeling and Markov chain Monte Carlo
on Modern Hardware

Much of the recent progress in compute power has come from parallel-processing,
in particular the development of graphical processing units (GPUs). GPUs
were originally designed for graphical rendering and then developed for nu-
merical computation, specifically the matrix operations that underlie neural
networks.

In this section, we’ll examine the ways in which Bayesian modeling and MCMC
can exploit GPUs and more generally parallel accelerators. We'll see that pop-
ular MCMC workflows often fail to leverage parallelization and that certain
implementations, while remarkably effective on classic hardware such as cen-
tral processing units (CPUs), are not mindful of the engineering constraints
imposed by GPUs.

Perhaps most important takeaway from this lesson is to realize that parallel
accelerators do not offer “arbitrary parallelization”, i.e. the ability to per-
form completely distinct operations on different cores. Rather, accelerators
are most effective when using Single Instruction Multiple Data (SIMD) in-
structions, wherein each core performs the same operation but on a different
“data” or input.

5.1 Parallelizing the model

Let’'s examine some examples of Bayesian models, i.e. functions which re-
turn (log) joint densities, and see how compatible these functions are with
parallelization and SIMD instructions.

Logistic regression. Consider a model with N observations (x,,y,),
where z,, € R” and y, € {0,1}:

fa ~ mnormal(0,1)
yn ~ Bernoulli(c(87z,)), (99)

where o is the logistic function. There are several opportunities for par-
allelization, when evaluating log p(y, 3; z,,). Due to the marginal indepen-
dence of the ,’s and the conditional independence of the y’s,

D N
logp(y, B; x,) = Z log Normal(,;0,1) + Z log Bernoulli(y,,; 37 z,). (100)
d=1 n=1

The terms inside each sum can be parallelized and calculated using
SIMD instructions. On the other hand, we cannot parallelize across
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the sums with SIMD instructions, since different cores would need to
perform different operations. Hence, each sum is parallelized and per-
formed sequentially.

Fortunately, we do not need to explicitly dictate how the parallelization
happens on GPU, provided we use specialized packages such as JAX or
PyTorch.

Pharmacokinetic model. We now consider a more sophisticated ex-
ample (see your homework assignment for additional details). In this
example, we have observations y;.7 on a patient, physiological parame-
ters 6, and a parameter o for the observational model. The generative
model is,

~ p(0)
o ~ plo)
Gt = f(@,t)
yy ~ logNormal(log ¢, o), (101)

where f is a function that returns the solution to a differential equation
parameterized by 6 at time ¢.

Once again, there are opportunities for parallelization. If the prior p(f)
factorizes into identical factors with different inputs, the calculation of
log p(f) can be parallelized with SIMD instructions. Similarly, we can take
advantage of the conditional independence of the y’s when computing

logp(yl:T | Cl:T7U)'

The function f requires solving a differential equation. Depending on
how we solve the differential equation, there may be some opportunities
for parallelization. A numerical integrator usually requires doing se-
quential operations and so is not immediately amiable to parallelization
(although some operation within the sequence may be).

Population pharmacokinetic model. An extension of the pharmacoki-
netic model considers observations collected across multiple patients.
This leads to a hierarchical or population model, wherein each patient
has their own individual parameters 6,,, with a prior driven by a popula-
tion level parameters ¢.

¢ ~ p(o)

O ~ p(0n]| o)
p(o)

Cnt = f(emt)

Ynt ~ logNormal(logc,,, o). (102)
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In addition to the parallelization opportunities we identified previously,
it also seems natural to parallelize across patients.

This is straightforward to do if computing f involves the same operations
for all patients, as will be the case if we use:

- an analytical expression for f.
- a matrix exponential, if the ODE is linear.
- a numerical integrator with a fixed step size.

On the other hand, if we use a numerical integrator with an adaptive step
size, the number of operations to compute f likely differs between pa-
tients. This is in fact what we can expect from most standard numerical
integrators (like the Runge-Kutta 4 /5" order in Stan).

In practice, population pharmacokinetic models are often fitted on a CPU
cluster, with each core handling one patient in a non-SIMD fashion. Stan
is well equipped to handle this type of parallelization, notably via the
reduce_sum function.

Finding ways to fit population pharmacokinetic models on GPUs largely
remains an open question. Some ideas:

- Use a fixed step size for the ODE solver, with a carefully chosen step
size using information during the warmup.

— Use a surrogate model to solve the ODE, for example with a neural
network.

Remark 12. In an automatic diff erentiation frameworlk, parallelization con-
siderations for evaluating log p(, y) naturally extend to computing the gradi-
ent Vlogp(0,y).

5.2 Parallelizing across chains

A general strategy to leverage access to multiple cores is to run Markov chains
in parallel. Running multiple chains has several benefits:

¢ It increases the number of samples, which in turn reduces the variance
of our Monte Carlo estimators.

e It is necessary to compute certain diagnostics, such as R.

e It can lead to adaptation strategies which share information between
multiple chains.
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In a classical framework, it is common to run 4 to 8 chains on a CPU.

With a GPU, it is straightforward to run hundreds or even thousands of
Markov chains in parallel, especially with the help of packages such as TensorFlow
Probability and BlackJax. (My personal record is 16,000.)

5.2.1 The Many-Short-Chains Regime

The prospect of running many chains in parallel suggests a strategy whereby
the variance of Monte Carlo estimators is entirely handled by a large number
of chains.

Suppose we run M independent Markov chains of length N and assume they
are sufficiently warmed up that the bias is negligible. Let f be the Monte
Carlo estimator obtained by averaging samples across all chains,

e S WL
TP IYC ). (103)
Then,

Varf < V;;f , (104)

and this upper-bound is attained when N = 1, that is each Markov chain
contributes exactly one sample. Interpreting the ESS as a ratio of variances,
we can say that the number of chains lower-bounds the ESS.

For many problems, it suffices to achieve an ESS of ~100 or perhaps a few
hundreds. For models of moderate dimension, it is well within a GPU’s capac-
ity to run 100 Markov chains in parallel. In that case, retaining one sample
per chain is enough to achieve our target variance.

This configuration, wherein the variance is almost entirely handled by the
number of chains rather than the length of the chain is the many-short-chains
regime.

Of course, while it is possible to average out variance, we cannot average out
bias. That is, regardless of the number of chains, we still need to warmup
each Markov chain. A question then is: how quickly can we reduce the bias
of our Monte Carlo estimator?

To build some intuition, let’s consider the regime of geometric ergodicity where,
IEf (2™ | 20) — Ef| < b(20)A", (105)

for some initial point z, and A € (0, 1). Integrating over the initial distribution
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7o from which z; is drawn and using Jensen’s inequality,

[Ef (zV) —Ef| < [E(Ef (=" ] 20)) —Ef]
< E[Ef (=" | 2)) —E/f|
= E(b(z))A\". (106)

Hence, the squared bias decays at an exponential rate O(\?"), provided we
discard early samples (otherwise, it only decreases at a quadratic rate).

By contrast, the variance decreases at a linear rate O(1/N), with a constant
which is 1 if we draw independent samples but which is otherwise larger. For
N sufficiently large, we have that

AN < 1/N. (107)

In fact, for A < 0.841, the above inequality holds for any N > 1 and within 20
iterations, the squared bias is already two orders of magnitude smaller than
the variance. Hence, provided ) does not approach 1, decreasing the squared
bias is much cheaper than decreasing the variance.

Moreover, the many-short-chains strategy holds the promise of turning an al-
gorithm whose squared error decreases linearly with the length of the Markov
chains to one whose error deceases exponentially with the length of the warmup,
at least in some regimes.

5.2.2 Diagnostics and performance metrics

The many-short-chains regime has implications on how we measure the per-
formance of MCMC.

Many analysis of MCMC focus on the asymptotic variance. For example, the
most commonly reported empirical metric for the performance of an MCMC
algorithm is the ESS/operation or ESS/s. This makes sense if we're running
one long chain, since the the bias is negligible by the time we control the
variance.

The many-short-chains regime flips the script: the variance is negligible (be-
cause we have many chains) and so the bias becomes the computational bot-
tleneck. This is an invitation to revise how we analyze MCMC.

Example: R convergence diagnostics. Recall the R statistics (module
2),
N-1 B

R=y|"— 1 = 108
N +W, (108)
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where B is the sample variance of the per chain Monte Carlo estimator,

po_1 i ( Am) fc))Q (109)
M—14=\" Ny
and W is the average within-chain sample variance,
1 i 1 i sy )\ 2
_Mm:1mn:1(f(z )= 1) (110)

A diagnostic for convergence is to check that R is sufficiently small, for
example, R < 1.01.

Unfortunately, in the many-short-chains regime, the per chain variance
is never small and, no matter how long the warmup phase, R remains
large. This is true even if we achieved a low bias with an adequately long
warmup and a small variance with a large number of chains.

We saw that as the number of chains increases and in particular as
M — oo, B is a consistent estimator of the per chain variance, which
admits the following decomposition,

Var /") = VarE ( £ zgm) + EVar ( Fm) | z(gm>) . (111)

vV Vv
nonstationary persistent

The nonstationary variance decreases with a long warmup, as the Markov
chains forget their starting point. On the other hand, the persistent vari-

ance requires a long sampling phase—a condition which is incompatible

with the many-short-chains regime. Ideally, we would want a direct mea-

sure of the nonstationary variance to diagnose convergence.

This can be achieved with a nesting scheme. Suppose we partition our
Markov chains into groups of chains or superchains. The chains within
a superchain are initialized at the same starting point and then run
independently.

Adjusting our notation, we take K to be the number of superchains and
M the number of subchain within each superchain, for a total of KM
chains. Then the superchain Monte Carlo estimator is,

- 1
(k) kmn
NM——MN;JC(Z( ))~ (112)
We then compute the sample variance,
K
1 =k (- 2
By= > (fgﬁV . f}QMN> . (113)
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As K — oo, B, converges to,
varf¥, = VarE (fﬁ’;}v | z((]k)> + EVar (f}j}v | zék)>
rlm 1 rim
— VarE (f}V )] zg’“) + —EVar (f}V )] Zg@) , (114)

where in the second line, I used the conditional independence of the
Markov chains within a superchain to show that (i) the super chain has
the same expectation value as each individual subchain and (ii) the su-
perchain’s variance is reduced by a factor of 1/M.

Our nesting strategy allows us to reduce the persistent variance, while
leaving the nonstationary variance intact. With additional work, the
contribution of the persistent variance can be exactly corrected for and
a convergence diagnostic can be devised based on how quickly the non-
stationary variance decreases.

Remark 13. The behavior of the nonstationary variance reflects that
of the squared bias, which also does not change with the number of
chains. Additional arguments can be made to show that, under certain
conditions, the nonstationary variance decreases at a “comparable”
rate as the squared bias. (This is ongoing research!)

Remark 14. With some additional adjustments, it is possible to com-
pute R, for chains of length 1. This opens the possibility of “contin-
uously” monitoring the nonstationary variance at each iteration and
developing an automatic stopping rule.

5.2.3 GPU-friendly MCMC

To leverage the parallelization capacities of GPUs, we need SIMD instructions.
The first step is to ensure that evaluation of the log density logn(z) and its
gradient Vlogn(z) can be done with SIMD instructions (Section [5.1). Then,
at each “step”, the GPU returns an array of gradients (one for each Markov
chain).

Unfortunately, sophisticated adaptation strategy may not be compatible with
SIMD.

NUTS is not GPU-friendly. NUTS and its variants are not GPU-friendly. In-
deed, at each iteration, we need to construct orbits until the No-U-Turn ter-
mination criterion is met. Depending on the current “location” 2, of a Markov
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chain and the sampled momentum py, the number of leapfrog steps to com-
pute a valid orbit will vary between chains.

For example, if we consider a pair of Markov chains, one which takes one
leapfrog step and another one two, the SIMD execution model runs both
chains for two leapfrog steps and discards the second leapfrog from the sec-
ond chain. Moreover, the number of leapfrog steps is always driven by the
largest orbit, yielding wasteful computation for most chains.

ChESS-HMC: a GPU friendly alternative. The SIMD constraint motivates
new adaptive algorithms, such as ChEES-HMC [Hoffman et al., | 2021], which
ensures that each iteration of the Markov chain can be run in lock-step. This
is simply done by fixing the trajectory length L.

Which L should we choose then? Rather than achieving the No-U-Turn crite-
rion for each chain at each iteration, we instead try to maximize the expected
squared jump distance (ESJD),

ESJID; = E [||f(2r) — f(20)|"] (115)

If we take f to be the identity, we obtain the expected squared distance from
the initial point z;, to the final point z;. In other words, while we cannot hope
to maximize the travelled distance for each chain at each iteration, we can try
to maximize that distance on average.

Other choices of f can be considered for the ESJD. For example, ChEES-HMC
focuses on the second moment of z, arguing that it is a more difficult quantity
to estimate than the first moment.

Remark 15. When the target distribution has varying scales across dimen-
sions (or somewhat equivalently, if we’re not able to construct a good mass
matrix M), we can improve the performance of HMC by jittering the trajectory
length, i.e. sampling the number of steps size uniformly from {1,2,--- , L}.

Opportunities from running many chains. There are a number of MCMC
strategies that benefit from running many chains. For example, the mass
matrix and step size adaptation can pool information across many chains,
meaning the adaptation per iteration is much faster. In some cases, this can
lead to faster bias decay.

Certain methods use Markov chains targeting different distributions to sam-
ple from a challenging distribution. An example of this is tempering schemes.
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6 Variational Inference

We have seen how approximate sampling techniques, such as Markov chain
Monte Carlo and importance sampling, can help us construct Monte Carlo
estimators with which we can learn summaries of the posterior.

Another paradigm is to find a tractable distribution which approximates the
posterior. By “tractable”, I mean that the distribution is easy to manipulate:
for example, it is straightforward to compute the mean and variance, and to
draw samples. Variational inference (VI) is a broad class of methods to find
tractable approximations to the posterior.

The task of VI is to find the best distribution ¢ inside a pre-specified family O
of tractable distributions to approximate the target distribution p,

q¢" = argmin, o D(pllq), (116)

where D is a divergence between p and ¢q. Hence VI turns Bayesian inference
into an optimization problem.

The two fundamental tuning choices of VI are (i) the family O of approxima-
tions and (ii) the objective function which we minimize. The trade-offs for Q
are rather intuitive: a rich family of approximations leads to a better approx-
imation but often complicates the optimization.

The choice of objective function is subtler: there exists many ways to compare
distributions. By definition, a valid divergence must be such that

D(pllq) = 0 if and only p = ¢, and otherwise D(p||¢q) > 0.

But this constraint only somewhat restricts our options. There are many
valid divergences and, if we have a restricted family of approximations, i.e.,
p ¢ Q, then different divergences produce different solutions. Hence, we must
examine how well different solutions approximate summaries of the posterior.
At the same time, certain divergences are much more difficult to optimize than
others. For example, the total variation distance, which we studied for MCMC,
is a valid divergence but cannot be minimized through standard optimization
techniques.

Before getting into the details of how VI works, let’s highlight two classical
applications of VI:

e Topics model [Blei et al., 2003]. VI is used to train a probabilistic
model, with which 1.8 million New York times article were sorted into
topics based on the words contained in each article (“bag of words” rep-
resentation of the article). Once trained, the model determines itself the
topics, the words in each topic, and ascribes a distribution of topics to
each article, e.g., 80% international affairs, 10% finance, - - -.
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e Variational autoencoder |[Kingma and Welling, 2014, Rezende et al.,
2014]. This algorithm—we will see how it breaks into a probabilistic
model and an inference procedure—is used to compress high-dimensional
images. The model parameterizes each high-dimensional image by a low-
dimensional latent variable and the image can be reconstructed by learn-
ing a neural network (the “decoder”) which takes in the low-dimensional
representation and outputs the reconstructed image.

6.1 Gaussian Variational Inference

A classic off-the-shelf VI algorithm is Gaussian variational inference (G-VI).
We will use G-VI as a concrete example to introduce several concepts.

Suppose we have a target p(z) with z € R%. In practice, the space of z, denoted
Z, may not be R? but as long as this space is continuous, we can apply a
transformation to map Z to RY. For example, if a variable z; is constrained to
be positive, we can apply a log transformation.

In G-VI, Q is the family of Gaussian distributions. Each member is fully
defined by the variational parameters A = (v, ¥), where v € R? is the mean and
VU is the covariance matrix. Often times, V is taken to be a diagonal matrix,
primarily to reduce the number of variational parameters from O(d?) to O(d).
This approach is called the mean-field approximation, although I also like the
more descriptive name, factorized approximation. The resulting algorithm is
factorized Gaussian variational inference (FG-VI).

Eq. (116) can be now be written as an optimization problem over the space of
variational parameters,
A" = argmin, D(p||qy). (117)

The most common objective function in VI is the reverse Kullback-Leibler di-
vergence,

KL(q||p) = / (log 4(2) — log p(=))a(2)dz, (118)

which compares densities over measurable sets. In your homework assign-
ment, you showed that KL(¢||p) was a valid divergence, by showing that KL(q||p)
0 and KL(¢||p) = 0 if and only if ¢ = p. Compared to other divergences, the re-
verse KL is relatively straightforward to analyze theoretically and to minimize.

Example: FG-VI applied to a multivariate Gaussian. Suppose p is a
multivariate Gaussian target with mean p and a non-diagonal covariance
matrix ¥. Then it can be shown analytically (as you did in your homework
assignment) that the optimal variational parameters are
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In words, FG-VI recovers the mean and the marginal precisions of p.
(Recall that the precision matrix is the inverted covariance matrix.) On
the other hand, ¢ misestimates other properties of p: for example, it
underestimates the variance (as you showed in the homework) and the

entropy[]

More generally, VI can recover certain properties of p even if ¢ # p. The ability
of VI to produce accurate estimators has notably been studied in asymptotic
limits, where the number of observations N — oo and where, under certain
regularity conditions, the posterior becomes Gaussian per the Bernstein-von
Mises theorem [e.g. Katsevich and Rigollet, 2024].

6.2 Variational inference in the presence of symmetry

Recent work has demonstrated VI's ability to recover properties of p when p
and Q exhibit certain symmetries [Margossian and Saul, 2025]. Here, we’ll
examine how VI can recover the mean in the presence of even-symmetry.

Definition 16. (Even- and odd-symmetry) We say a function f is even-
symmetric about v if for all z € R?,

flz+v)=f(—z+v). (120)
Similarly, we say a _function f is odd-symmetric about v if for all z € R?,

flz+v)=—f(—2z+v). (121)

Consider now a location family of distributions with location parameter » and
base distribution ¢, that is

0 (2) = qo(z — v), (122)

and suppose that ¢, is even-symmetric. Examples of such distributions are
the Gaussian, student-t and Laplace distributions.

Theorem 17. Let Q be a location-family with even-symmetric based distri-
bution qy. Suppose p is even-symunetric about ji.

Furthermore, suppose p and Q are such that the order of diff erentiation and
integration can be changed when computing V,KL(q,||p).

Then v = i is a stationary point of KL(q,||p).

9This second result deserves to be nuanced: while the entropy is underestimated, FG-VI
can still yield reasonable estimates of the entropy in certain limits [Margossian and Saul,
2023|.
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Proof. We start from the definition of the KL-divergence, eq. (118), and operate
a change of variable ( = z — v,

KL(g,|lp) = / (log 4,(2) — log p(=))q, ()dz

- / (log 40(¢) — log (v + €))ao(O)d¢
= —H(qo) —logp(v +¢))go(¢)d, (123)

where #(q) is the entropy of ¢, and doesn’t depend on the variational parame-
ter v. We now differentiate with respect v and use the fact that we can change
the order of integration and differentiation,

V.KL(g|lp) = - / V. log p(v + O)ao(C)dC,
= — [ Velogp + Onlo)dc, (124)

where in the second line we use the symmetry in the argument of » and ( to
obtain a gradient with respect to (.

Now suppose v = u. Then p(v + (), taken as a function of ¢, is even-symmetric
and its gradient V p(v + () is odd-symmetric. Furthermore, we have by as-
sumption that ¢,({) is even-symmetric. Hence, the integrand is the product
of an odd-symmetric and an even-symmetric distribution, and is itself odd-
symmetric. Therefore, the integral goes to O. O

Under some additional assumptions (i.e. p is log-concavd'®), we can show that
this stationary point is a unique minimizer.

If p has a finite first moment, then the point of symmetry corresponds to the
mean, which is then recovered by v*. It's worth noting that the theorem allows
for several misspecification. In particular:

e ¢ may be factorized, even though p is not.
e ¢ and p may have different tail behaviors.

An ongoing research endeavor is to understand how VI's symmetry-matching
properties generalizes to other symmetries.

6.3 Stochastic optimization for variational inference

In a Bayesian context, the target distribution is the posterior p(z | y) and
is typically only known up to a normalizing constant. Then, the variational

10Although I'm working on relaxing this condition...
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objective becomes,
KL(gip) = [ (og0a(2) ~ loga(.v) +logp(y))as(2)ds

= [log ()~ logp(e ) (2)ds + logply). (129
where the laster term, logp(y), can be ignored for the purposes of optimizing

A.

Often times, the VI optimization problem is reformulated as follows,

A" = argmax, /(logp(z,y) —log g (2))qn(2)dz, (126)

with the maximized objective termed the evidence lower bound (ELBO). The
name comes from the fact that p(y) is sometimes called the evidence and

0 <KL(gllp)
— 0 <logp(y) — ELBO
< ELBO <logp(y). (127)

When doing full Bayesian inference, p(y) does not typically play a role, however
we will see some non-Bayesian applications where p(y) plays a pivotal role.

The first challenge with maximizing the ELBO is that the integral cannot be
solved analytically. Instead, the ELBO is approximated via Monte Carlo and
using draws from ¢, (which, in theory, is easy to sample from),

B
1
ELBO ~ = Y logp(:",y) ~loga(:*)n(:*)dz, 2 ~qr.  (128)
b=1

To do gradient-based optimization, we also need to evaluate the gradient of the
target. Assuming the order of integration and differentiation can be changed,

V,ELBO = /Vk(logp(z,y) —log g\ (2))qa(2)dz. (129)

But constructing a Monte Carlo estimator of the gradient is less straightfor-
ward, because the samples z ~ ¢, carry a somewhat hidden dependence on
A, which we need to differentiate through. (In the integral, this dependence
is made explicit in the density term ¢,(z)).

This motivates the reparameterization trick, whereby the dependence on A and
the stochastic component in z are disentangled. In particular, we want a two-
step sampling procedure of the form,

¢ ~ p(Q)
z = fr(), (130)

55



Lecture notes STAT 547

with f an invertible function. For example, suppose ¢,(z) is a univariate nor-
mal with mean p and variant ¢, and A\ = (u,+¢). Then, a sample from ¢, can
be obtained as,

¢ ~ mnormal(0,1)
2 = VUl +p (131)

Then, applying standard rules for a change of variable with respect to a prob-
ability measure, eq. (129) is rewritten as an integral with respect to ¢,

V,ELBO — / Va(log p(f2(C), 1) — log ar (f2())a(C)dc. (132)

Our Monte Carlo estimator for the gradient is then,
1 &
VAELBO = & 3 Va(logp(£1(¢™).9) —logas(H(¢™), ¢ ~q(Q).  (133)
b=1

Optimization is then performed via gradient-descent. That is, starting from
an initial guess )y, we iteratively update our parameter estimate by following
the gradient,

)\t = )\t—l + EtV)\E/L-B\(), (134)

until some convergence criterion is met; for example, we may require that

\% AE/Lﬁ)\ < ¢ for some tolerance § or check that the (estimated) ELBO remains
stable after several iterations.

A crucial question is how to choose the step sizes ¢,. There is a rich literature
on the subject—going all the way back to Newton’s method /]| which sets ¢, to
the inverted Hessian of the objective function g(\),

e = V2g(N). (135)

In standard settings—i.e., when minimizing a convex objective functions—
Newton’s method enjoys a quadratic convergence rate. However the cost of
evaluating and inverting a second-order derivative has made Newton’s method
unpopular in settings where )\ is high-dimensional.

Another complication in our setting is that the gradient is not evaluated ex-
actly but stochastically. This raises the question of whether gradient-descent
can converge to a solution. Proofs of convergence can be obtained by requiring
that:

Newton’s method is accredited to Newton himself. The wikipedia page also points to a
special case of the method dating back to the Babylonian in the 16th-19th century BC!
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(i) The gradient estimator is unbiased, as is the case when drawing exact
samples from ¢(().

Interestingly, this condition is met when B = 1, that is we use a single
sample. In my experience, running B < 1 improves the stability and
convergence rate of the algorithm, and what is more samples can be
drawn in parallel.

(ii) The step sizes ¢, decay at a rate that is neither too slow nor too fast.
This condition is captured by the (somewhat mystifying) Robbins-Monroe
condition,

da=o00, > <o (136)
t=1 =1
Much of the recent literature on stochastic optimization concerns finding
a good learning schedule {¢,}.

There exist a few off-the-shelf optimizers and the most popular ones are cur-
rently Adam and LBFGS. These methods enjoy high-performance implementa-
tions in libraries such as JAX and PyTorch, and provide a good starting point.

6.4 Example: Variational inference for the SIR model

Stan provides a G-VI algorithm, called automatic diff erentiation variational in-
ference (ADVI) (which unfortunately is not a very descriptive name). The al-
gorithm proceeds as follows:

1. Transform the parameter ¢ to an unconstrained variable f € RY, using
an invertible transformation f, with 0 = f(0).

2. Approximate p(f | y) by a Gaussian ¢, (/)—the Gaussian can either have a
diagonal covariance matrix, meaning the Gaussian is factorized (“mean-
field”) or have a dense covariance matrix (“full-rank”). The approximation
is found by minimizing KL(q\(0)||p( | v)).

3. Draw f ~ ¢,(f) and transform back to the original space, § = f~'().

Coding demo. We can run mean-field ADVI for the SIR influenza model.
Specifically, we’ll use the version of the model with a negative binomial likeli-
hood. Since the joint distribution p(f, y) remains unchanged, there is no need
to revise the model.

In addition to approximating the posterior for the model parameters § = (v, 3, ¢~ 1),
we can also examine the posterior distribution of some derived quantities,
specifically the recovery time 7" and the R, number. Table |1/ shows the poste-
rior summaries obtained with ADVI and is directly translated from the summary ()
function in cmdStanR.
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Mean Median SD MAD qs qos
v 0.537 0.536 0.0416 0.0420 0.472 0.610
15} 1.75 1.75 0.0499 0.0500 1.68 1.84
¢! 0.148 0.129 0.0881 0.0702 0.0544 0.320
T 1.87 1.87 0.145 0.147 1.64 2.12
Ry 3.29 3.29 0.267 0.268 2.86 3.73

Table 1: ADVI posterior summary statistics

We compare these results to the output obtained with MCMC (Table [2).

Mean Median SD MAD 0 Gos R ESS ESS (tail)
v 0.541 0.539 0.0450 0.0415 0.470 0.618 1.00 2771 2492
B 1.74 1.73 0.0537 0.0491 1.65 1.82 1.00 2298 2189
¢! 0.137 0.121 0.0744 0.0600 0.0520 0.276 1.00 2303 2363
T 1.86 1.85 0.155 0.143 1.62 2.13 1.00 2771 2492
R, 3.23 3.21 0.276 0.250 2.82 3.71 1.00 2906 2324

Table 2: MCMC posterior summary statistics

For this particular example, the estimates of posterior summaries returned by
MCMC and ADVI are in close agreement. The model is relatively simple—after
all, it’s only 2-dimensional—but it does involve a likelihood parameterized by
an ODE. So it is a bit surprising that ADVI works so well, despite using a
simple approximation.

Notice that the MCMC summary contains three additional columns for diag-
nostics to check that the posterior inference is reliable. Unfortunately, these
diagnostics are MCMC specific and do not apply to VI.

Stan’s ADVI checks that the stochastic optimization converges. But unlike
for MCMC, convergence of VI does not guarantee that we have accurate esti-
mates of the posterior—merely that we found the “best” candidate ¢* € Q to
approximate p. (And even then, convergence diagnostics for optimization are
often fooled by local optimas.) If Q is too restrictive, then ¢* may still be a poor
approximation of p.

The lack of automated inference checks for VI is a gap in the workflow.

But checks exist. For example, we can use Pareto-smoothed importance sam-
pling [Yao et al., 2018], as we did for leave-one-out cross-validation (Section
3). In VI, ¢* is the proposed distribution and p is the target distribution. Recall
that because p is only known up to a normalizing constant, we must compute
self-normalized importance weights.

Even without validating the inference, we can still perform model criticism,
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Figure 8: A neural network is a sequence of transformations (“arrows”) between
layers (“nodes”). The first layer is the input layer, the final layer the output layer
and all the layers in between are hidden layers. Each transformation is char-
acterized by a linear transformation followed by a nonlinear transformation.

e.g., posterior predictive checks and predictive scores on a validation set.

In many papers which use VI, you'll find that the authors only perform limited
checks on the inference but always evaluate the performance of the trained
model. We may then reasonably question whether the posterior is accurately
estimated, at least not by MCMC standard, e.g., the kind of accuracy we would
get with R < 1.01 and ESS > 100, which corresponds to a negligible bias and
standard deviation of /Varf(z)/10. Nonetheless, an imperfectly trained model
can still produce useful insights and fulfill its scientific purpose.

Class discussion. Why is it important (or not important) to do inference check
in Bayesian Workflow?

6.5 Example: Variational autoencoder

The variational autoencoder (VAE) is class of machine learning models/algorithms,
which can be decoupled into a probabilistic model and an inference procedure.

6.5.1 Probabilistic model: latent variables and neural network

A latent variable model is a hierarchical model where each observation z,, has
a corresponding latent variable z,. The model also admits a “global” hyperpa-
rameter 6, which is common to all observations z,. A Bayesian model can be
specified by the joint distribution

N
p(ml:Na Z1:N, 9) = P(e)p(le | 9) Hp(xlsN ’ Z1:N, 9) (137)

n=1

In a frequentist setting, the hyperparameter 6 is treated as fixed and the model
is specified as a joint over (z1.y, z1.y) parameterized by 6, pg(xi.n, 21.5)-

In the canonical VAE, z,, is a high-dimensional image, e.g. three color chan-
nels for each pixel, and z, is a low-dimensional representation of the image.
0 is the parameter of a decoder, which stochastically maps z, to x,. One in-
terpretation of the model is that z, is a compression of z,, and the decoder
decompresses z, back to z,,.
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For example, we may model z, (the colors of each pixel) as normally dis-
tributed [ whose mean ; and covariance ¥ is the output of a function,

p=fulzn;0) 2= fu(zn:0). (138)

In the VAE, the function f is modeled by a neural network. A neural network
is a composition of transformations starting from an input layer and mapping
to an output layer. The layers in-between are called hidden layers (Figure [8).
The transformation between layers takes in an input ¢ and outputs ¢+,
typically by applying a linear transformation followed by a nonlinear transfor-
mation,

g(i) -0 (W(i)((i) + b(i)) 7 (139)

where the matrix W is called the weights of the network, b is the “bias”,
and o is a non-linear transformation. The weights and biases constitute the
parameters of the neural network,

0 = (W(l), W@ oo w® M @)L ’b(p)) _ (140)

The weight matrix W) need not be a square matrix, meaning that the dimen-
sion of ¢ and ((*+Y can differ. In practice, the hidden layers are often taken
to have a larger dimension than the input and outputs layers.

A common choice for ¢ is the rectified linear unit (ReLu) function,
o(a) = max(0, a). (141)

There are many choices on the architecture of the neural network. For exam-
ple what should the depth of the network be, i.e. the number of layers? What
should be its width, i.e. dimension of intermediate layers? Which nonlinear
transformation should we use?

You may ask yourself why use a neural network in the first place? Neural
networks have had a tremendous success empirically and there exists some
theory to explain this success. In particular, universal approximation the-
orems provide ideal conditions under which a neural network can approxi-
mate any function f arbitrarily well. A well-known theorem states that a neu-
ral network with one infinitely-wide hidden layer can approximate any “well-
behaved” function. But despite these results, the theory is often considered
to be lagging behind the practice and explaining the remarkable success of
neural networks remains an active area of research.

12A more exact model would use a categorical distribution, since the color channels are an
integer over [0,255] but for a hight “count”, a continuous distribution can work reasonably
well.
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6.5.2 Inference: Amortized variational inference

Now that we have our model, we can come up with a training procedure.
In a Bayesian setting, the task is to learn the posterior p(0, z1.x | z1.5)-

In a frequentist setting, we learn ¢ by maximizing the marginal likelihood,

0" = argmax, py(z1.n) /Hpe riN | 218, 0)p(z1v)d 2. (142)

Notice the unknown z;.y is still treated as a random variable and so the pro-
cedure can be described as a hybrid between a Bayesian and a frequentist
approach.

In practice, the integral on the R.H.S of eq. is intractable. To approx-
imate py(z1.n), we will use the ELBO. Applying eq. to our problem, we
have that

ELBO(0, \) = po(z1.x) — KL(gr(21:3)|[Po(21:n | 71:8)), (143)

where )\ are the variational parameters for a family of approximations Q. To
have a concrete example in mind, you may once again take Q to be the family
of Gaussians.

The ELBO provides a lower-bound on py(z;.5) and the gap in this bound is

given by KL(g»(z1.x)||pe(z1.n | 71.x)). This suggests a joint optimization problem
over # and the variational parameters \,
0*,\" = argmax,, ELBO(0,))

= argmax,, [po(r1.n) — KL(gr(21:n)|pa(21:n | 21.3))] - (144)

If Q is rich enough, then we can drive KL(¢\(z1.n)||pe(z1.8 | 71.x)) to O and

optimize the true objective function. However, Q is often restricted and so

the KL can usually not be driven to O, meaning minimize an approximation
of py(x,.y) rather than py(z;.y) itself.

Conditional on ¢, each observation z,, only depends on z,,

N
plary | 2un) = [ [ pan | 20). (145)
n=1

We will also assume that the priors on 2.y factorizes, p(z1.x) = [, p(2n)-

If the likelihoods p(z,, | z,) follow the same distribution and similarly for the
priors p(z,), then the posterior p(z, | z,,) can be expressed as a function of z,
and z,,

p(zn | xn) = g(zn,xn). (146)
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This suggests that, instead of learning a variational parameter )\, for each
factor ¢(z,), we can instead amortize the procedure and learn a function f
such that,

A = f(x). (147)

If Q is the family of Gaussian, then f maps z, to a posterior mean and covari-
ance matrix. Once again we can approximate f with a neural network. This
neural network is often termed the encoder, because it maps the original im-
age z, to a low-dimensional representation z,.

There are several arguments for using amortized VI:

e The number of variational parameters is determined by the size of the
encoder neural network, rather than by the dimension of the observa-
tions.

e Information is pooled across observations, empirically leading to faster
optimization.

e The learned function, f can be used to compress images in a validation
set.

On the other hand, amortization can also have drawbacks:

e Amortization restricts the family Q of approximation—this is most obvi-
ous if we use a simple encoder, for example a linear function—and the
solution can be suboptimal relative to standard VI. This sub-optimality
is known as the amortization gap.

Amortized VI can also be used to do full Bayesian inference on the joint pos-
terior p(0, z1.y | z1.5) [e.g Margossian and Blei, 2024].

6.6 Variational inference beyond the Gaussian approxima-
tion

Many VI algorithms rely on a family Q of approximations which is not Gaus-
sian. In many applications, it is common to construct a bespoke family Q
to match the characteristics of the target p [e.g., Blei et al., [2003]. But this
approach requires a large algorithmic effort from the user and works poorly
in Bayesian workflow, since every revision of the model requires a revision of
the variational family Q.

The ideal of black box VI is to use a family which works well across a broad
range of models and does not require bespoke manipulations from the user.
The Gaussian approximation is a reasonable starting point:

e Many Bayesian models have Gaussian components in the likelihood or
prior.
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e Under certain conditions, the Bernstein-von Mises theorem tells us that
as we accumulate data the posterior becomes more Gaussian.

e The resulting variational optimization problem tends to be manageable,
especially if the approximation is factorized.

But in many applications, we can improve on the Gaussian approximation.
Here I'll very briefly review some strategies:

e Pathfinder VI [Zhang et al., 2022]. Pathfinder offers a slight twist on
traditional VI, but in end effect, it produces a normal approximation.

The multi-pathfinder runs Pathfinder VI I times in parallel and generates
I normal approximations. If p is far from Gaussian, different runs of
the optimizer produce different solutions. Combining these solutions
produces a mixture of normals and the relative weight of each mixture
component is determined by an importance sampling scheme.

e Normalizing flow. Normalizing flows are defined by an initial draw ¢ ~ ¢
which is then transformed via a learned function z = f(¢{). Usually, we’ll
pick ¢y to be a simple distributon, for example a Gaussian. This simple
distribution is then transformed into a more sophisticated distribution
using f.

The final approximation to p is,

q(2) = a(f () |1, (148)
where J;-1 is the Jacobian of 1,
T =2 10), (149)
=4 82]' v

We can elect f to be a highly flexible function, once again using a neural
network. However, in order to evaluate log ¢(z) when computing the ELBO
and its gradient, we must be able to evaluate the Jacobian determinant
|Js-1|. This imposes constraints on the neural network architecture. In
particular, the final function f needs to be invertible.

Naturally, the more “complicated” f is, the more difficult the variational
optimization problem—both in terms of computational cost per step and
number of steps required to find a minima (in fact, once neural networks
are involved, we can expect the objective function to be non-convex and
have many local minimas).
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